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ABSTRACT 


*>'j  b  £Up''a-  __  '  r 

1  ' 

The  Cobb-Douglas  function  is  widely  used  in  production  economics  in  the 

1  /  <  ■  b-*- 

following  form:  A  —  AL  K  ,  where  ^  and  ^  along  with  A  are  positive  constants 
that  relate  the  inputs  L  (-Labor)  and  K  (-Capital)  to  the  amount  of  output  Q. 
A  variety  of  supposed  alternatives  and  generalizations  have  been  suggested  in 
place  of  the  Cobb-Douglas  form  for  use  in  production  economics.  These 

alternatives  and  generalizations  are  here  shown  to  be  representable  in  an 

a-/  pA*-  I  J  » 

extended  Cobb-Oouglas  form  in  which  A,  and  fl  are  functions  of  L  and  K  rather 
than  constants.  This  extension  is  then  formally  related  to  other  general 
forms,  such  as  the  minimum  discrimination  information  statistic,  and  used  to 
explain  the  successful  uses  of  the  Cobb-Douglas  function  for  empirical 


applications  in  many  different  countries  and  contexts. 
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1.0  Introduction 

The  Cobb-Douglas  function,  which  made  its  first  appearance  in  [14 
may  be  written  in  the  fora 

(1.1)  Q  -  AlV 

where  a  and  8  along  with  A  are  constants  which  relate  the  variables,  e.g. ,  the 
amounts  of  inputs  L  (■  Labor)  and  K  (■  Capital)  to  the  amount  of  output  Q.  This 
has  been  the  most  extensively  used  form  of  function  for  studying  production 
behavior  in  empirical  economics  and  econometrics. 

In  this  paper  we  shall  build  on  what  has  already  been  accomplished  by 

a  straightforward  extension  to 

(1.2)  0  -  A(L.K)  S™  K8a  K> 


in  which  A,  a  and  3  are  now  functions  of  the  inputs  with 

(1.3)  «  +  B  -  1 

cr,  B  >  0  . 

This  formulation,  as  wc  shall  see,  makes  easy  contact  wiLh  a  variety  of  other 
disciplines  from  which  most  of  the  supposedly  more  general  alternatives  to 
production  theory  may  also  be  accommodated.  Hence  nothing  need  be  lost. 
Consistent  also  with  empirical  results  from  a  wide  variety  of  studies,  it 
leads  to  certain  new  relations  in  the  mathematical  theory  of  homogeneous 
functions,  and  it  provides  access  to  more  general  results,  such  as  are 
exhibited  in  [ 8  ]  and  [  ll]  ,  from  which  still  further  developments  may 
be  effected  in  mathematics,  economics  and  statistics,  and  information  theory 

^Tintner  at.  al.  f  3Bl  notes  a  use  of  this  kind  of  function  in  economic  theory 
by  Uicksell [42)  in  1893  but  the  use  of  this  function  as  one  of  the  earliest 
(and  most  successful)  exaa^les  of  anything  like  a  modern  econometric  study 
must  certainly  be  dated  from  the  paper  by  C.  H.  Cobb  and  P.  H.  Douglas  in 
[14],  See  also  (ip)  which  must  still  count  as  a  model  for  economic-econometric 
investigations  and  which  must  rank  very  high  in  the  order  of  such  models. 
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as  wall. 

After  first  delineating  boom  of  these  possibilities,  this  paper  will 
introduce  a  series  of  specializing  assusqttlons  to  tie  these  sure  general  develop* 
SMnts  into  known  results  and  relations  in  empirical  and  theoretical  economics. 
These  topics  will  be  treated  first  from  the  standpoint  of  optimal  production 
at  the  level  of  the  individual  firm  --  what  is  sometimes  called  "intra-firm" 
analysis-^--  and  then  extended  to  aggregations  of  firms  via  efficiency 
frontiers  and  expansion  paths  at  the  level  of  the  individual  firm.  The  speciali¬ 
zing  assumptions  needed  to  attain  them  will  be  clarified  en  route  to  these 
results,  and  then  they  will  be  Interpreted  and  related  to  some  of  the  already 
extant  findings  in  empirical  studies  of  production. 

In  the  concluding  section,  a  return  will  then  be  made  to  the  natural 
extension,  to  more  than  two  factors,  for  the  general  formulation,  given 
above  --  which  we  shall  call  an  "Extended  Cobb-Douglas  Form"  --  and  suggestions 
will  then  be  supplied  on  how  the  results  given  in  this  paper  can  be  extended 
to  developments  in  other  fields  besides  the  ones  studied  here. 


t 
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See  [A]f  [51  and  {6J 


3 


2.0  A  New  Representation  for  Hoaogeneoui  Functions 

To  initiate  our  analysis  we  now  lot  x  represent  a  vector  of  variables 
x^,  i-i,...,n,  and  consider  Cha  expression 

n 

(2.1)  hf<x)  -  £  f.x  , 

1-1  1  1 


which,  by  Euler's  theorem,  always  holds  when  the  function  f(x)  is  homogeneous  of 

df(x) 

■  dx,  .  We  ala 


degree  h  with  continuous  partial  derivatives  f. 


[so  consider 


(2.2) 


n 

n 


VS 


«t(*) 


i-l  I6t(x) 


together  with 
(2.3) 

and  specify,  for  any  1,  that 


£  6,(x)  -  l 
i-l  1 


6  -6 

(2.4)  6^  -  6^  -l 

if  6  -  0.— ^ 

If  we  can  now  choose 


(2.5) 


fjKj  V, 

6i  ”  hf (x)  ‘ 


n 

£  f  x 
l-l  x  1 


with  hf(x)  ^  0  to  sstisfy  (2.J)  than,  by  direct  substitution  In  (2.2),  we  can 
obtain 


(2.6) 


n 


l-l V  f1xl/hf(x) 


f  x  /hf(x)  n 

1  £  ffXj/hf (x) 

-  (hf(x))  1-1  -  hf(x) 


^Cf.  Duff  In,  Peterson  and  Zener  (17) ,  p.  79.  This  s< 
used  in  information  theory.  Cf. ,  e.g.  ,  Theil  [37]. 


convention  is  also 
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This  Is  the  same  hf(x)  that  holds  for  (2.1).  Hence  via  the  derivation  from 
(2.2)  we  have  obtained  an  apparently  new  result  for  homogeneous  functions 
which  we  may  summarize  in  a  way  that  makes  it  Immediately  pertinent  to  our 
analysis  via  the  following: 


Theorem  1:  Let  hf(x)  ^  0  where  f(x)  is  a  function  which  is  homogeneous  of 


degree  h,  and  let  f(x)  have  continuous  partial  derivatives, 
then 

n 


(2.7) 


f(x)  -  A(x)  n  (x  ) 
i-1  1 


(2.8) 


for  all  x  where 

n  /f . 


6t(x) 


1 


A(x)  -  t-  n 

h  i-1 


(*) 


with 


(2.9) 


^(x)  - 


Vi 

hf(x) 


£iXi 


E  f  x 
i-l  1  1 


and 

n 

(2.10)  E  6  (x)  -  l. 

i-l 

In  the  next  section  we  shall  supply  illustrative  examples  to  show  how 

other  production  functions  (which  are  homogeneous)  may  be  represented  in  this 
% 

extended  Cobb -Douglas  format.  For  the  present,  however,  we  observe  that  the 
form  on  the  right  of  (2.7)  as  specified  by  (2.8)  -  (2.9),  may  be  used  to  express 
any  homogeneous  function,  and  it  also  leads  to  a  variety  of  important  Inter* 
pretations  and  uses.-/ 


^Including  the  zero  functional  which  is  satisfied  by  choosing  A(x)  «  0  and 
adding  an  extra  b^x)  a  1  with  all  other  ft^x)  >0  as  in  (2.7).  There  is 

no  reel  trouble  for  h  ■  0  either  since  we  need  merely  restate  (2.7)  in  terms 
of  hf(x)  to  handle  such  cases.  We  do  not  undertake  to  develop  this  further, 
however,  since  such  functions  are  not  ordinarily  of  Interest  in  the  econoedc 
theory  of  production. 
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Hereafter  we  shall  refer  to  this  as  the  "Extended  Cobb-Douglas  Form?' . 

He  now  exhibit  one  interpretation  of  the  extended  Cobb-Douglas  function  via 

Theorem  2;  For  a  production  function  f (x) ,  homogeneous  of  degree  h, 
and  with  continuous  partial  derivatives,  the  h6^(x)  in 
the  Extended  Cobb-Douglas  format  are  the  partial  output 
elasticities  of  f(x). 


Proof:  By  definition,  the  ith  partial  output  elasticity  is 

<2.11)  w  (x)  m^iSl  r  dlnf (x) 

VX)  Exi  Mnx£ 

.  X1  df(x)  w  Xlfl 
f(x)  dx£  f(x) 

-  h6^(x)  ,  by  (2.9). 

O.E.D. 

We  here  observe  that  Ey/E *  represents  the  partial  elasticity  of  y  with  respect 
to  z  in  the  "elasticity  calculus"  provided  by  R.  G.  D.  Al lun.— ^  Then  we  also 
observe  that  we  have  the  following: 


Corollary  2.1: 


The  total  output  elasticity 
of  homogeneity. 


£  w  (x)  equals  the  degree 
i  1 


Proof: 

(2.12)  Sw  (x)  -Eh6  (x)  -  h 

i  1  i  1 

since  £  6. (x)  -  1. 


^See  [1]. 
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We  further  remark  that  these  6^(x)  are  required  to  be  non-negative,  at  least 
in  economic  theory,  which  in  turn  implies  that  the  f ^ ,  which  are  the 
marginal  productivities,  are  also  non-negative  when  >  0,  for  all  1.  Our 
representation  in  Theorem  1  thus  carries  us  at  least  part  of  the  way  toward 
explaining  the  success  of  the  ordinary  Cobb-Douglas  functions  in 
econometric  investigations.  These  functions  have  the  6^(x)  «  6^,  as 
constants,  which  is  to  be  expected  when  the  partial  output  elasticities  and 
the  f^  do  not  vary  much  in  the  range  of  observations.  This  is  to  say  that 
in  such  cases  the  ordinary  Cobb-Douglas  functions  should  give  a  good 
approximation  to  the  "true"  production  function  whenever  the  latter  is 
homogeneous."^ 

Parts  of  Professor  Douglas'  originally  motivated  search  for  "Laws  of 
Production"  or  what  might  better  be  called  "Laws  of  Production  and  Distribution" 
may  now  come  into  better  view.  See  [14]  and  [19].  In  terms  of  the  preceding 
development,  we  may  now  phrase  the  research  question  as  follows:  For  f(x) 
allowed  to  range  over  an  entire  class  of  admissible  functions  to  select 
some  best  fitting  function  by  reference  to  specified  criteria  which  will 
thereby  determine  the  6t(x)  >  0,  2  ^(x)  -  1  —  •  the  factor  proportions 

(and  payments). 

We  shall  return  to  this  topic  later  in  this  paper.  Here,  however,  we 
want  to*  turn  to  the  interpretation  of  A(x).  From  the  start  this  term  has  been 
regarded  as  a  sort  of  catch-all  —  "A  repository  of  other  things."  See  [14] 
and  [18],  As  (2.8)  makes  clear,  however,  it  contains  a  great  deal  of  information 
and  may  be  used  as  part  of  a  distributional  measure  in  a  way  that  relates  it 


to  modern  information  theory. 


—  The  situation  we  have  exhibited  in  Theorem  1  is  not  restricted  to  economics. 
Indeed  it  also  helps  to  explain  the  success  of  techniques  like  dimensional 
analysis  in  physics  and  engineering.  The  fact  that  equivalent  expressions 
for  a  physical  quantity  sust  agree  dimensionally  in  powers  of  length,  time, 
mass,  etc.,  may  also  be  regarded  as  generalizations  of  the  concept  of 
homogeneity . 
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In  fact,  applying  Theorem  2  to  (2.8),  we  observe  that 


(2.13) 


\i(^) 


\(X) 


Hence  A(x)  denotes  the  geometric  mean  of  the  ratios  of  the  marginal  producti¬ 


vities  of  the  factors  to  their  respective  output  elasticities  for  all  factors. 


Alternatively  we  can  return  to  (2.8)  and  write 


(2.14) 


n  ff  " 

In  [hA(x)  ]  «  S  6  (x)  In  t-1-— - 

i-1  1 


where  "In"  is  the  Napierian  logarithm.  Subtracting  In  ^  f  from  each 

J-l  J 


side  we  obtain 


(2.15) 


hA  (x), 


£  .  6i(x) 

o.(x)  In  c  > 

i-i  1  V  V  *j 


One  can  thus  interpret  the  logarithm  of  the  ratio  of  liA(x)  to  f  as  the 

J  J 


negative  of  the  mean  information  for  discrimination  in  favor  of  the  hypothesis 


given  by  the  "6  distribution"  against  the  hypothesis  given  by  the  "f^/.j  f j 


distribution."— 


This  kind  of  "distributional"  interpretation  will  be  used  later,  as  in  our 


discussion  of  aggregation,  but  for  the  present  it  is  of  interest  because  of 


interpretations  that  have  also  been  employed  to  explain  some  of  the  Cobb* 


Douglas  properties  and  findings.  E.g.  ,  we  might  especially  note  the  use  of 


Pareto  distributions,  as  discussed  in  Houthakker  [25]  and  Tintner _et.  al.  [38] 


because  of  the  fact  that  such  distributions  are  also  homogeneous.— 


rCf.  [29]  p.  5. 
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He  next  relate  these  developments,  i.e.,  all  of  the  developments  in  this 
section,  to  the  classical  arithmetic-geometric  mean  inequality,  viz., 

n  n  6 

(2.16)  £  >  n  n  1 

i-1  11  i-1  1  » 

where  the  are  non-negative-^  but  are  otherwise  arbitrary.  The  6^,  which 
are  "weights",  must  satisfy 

n 

(2.17)  £  6  -  1,  6.  >  0,  all  i 

i-1 

?  / 

but  are  otherwise  also  arbitrary.  As  is  well  known,  classically,—  the 
necessary  and  sufficient  conditions  for  equality  in  (2.16)  are 


(2.18) 


*  *2  "  “ 


Now  for  f(x)  homogeneous  with  continuous  partial  derivatives  and  f ^ >  0, 
all  i,  we  can  set  6^^  *  fjX^  >  0  and ,  using  Euler's  theorem,  obtain 


(2.19) 


6. 

n  n  f  i  x  \  *■ 

hf(x)  =  Tj  f  .x  >  n  (  — r —  J 

i-l  i-1  \  1/ 


which  is  in  the  standard  form  of  the  geometric-arithmetic  mean  Inequality  as 

3/ 

used  in  geometric  programming.—  In  this  form  the  necessary  and  sufficient 
conditions  for  equality  become 


(2.20) 


f  n 

~P 

n 


and  this  term-by-term  relationship  may  be  employed,  as  we  shall  later  see,  in 
identifying  the  6^(x)  which  are  optimal  in  the  sense  of  cost  minimizing  choices. 

^Strictly  speaking  they  should  all  be  positive.  See  [17]  pp.  4  ff.  This 
will  normally  be  the  case  in  economic  applications,  however,  and  so  we  need 
not  concern  ourselves  on  this  point  here. 

^See  CEO  ] . 

^8ee  [17]  ,  pp.  6  ff. 


3.0  Some  Illustrative  Applications 


Before  proceeding  further,  we  provide  some  simple  illustrations. 

Drawing  on  comnonly  employed  production  functions  (which  are  also  homogeneous)-^ 
and  using  only  two  factors  of  production,  L  -  "Labor"  and  K  ■  "Capital",  we 
apply  theorem  1  to  three  such  examples  as  follows; 


(i)  Linear  Case;  We  write  this  as 

(3-D  Q  ■  axK  +  a2L, 

a  production  function  which  is  homogeneous  of 
degree  h=l  and  has  infinite  elasticity  of  sub¬ 
stitution  between  the  indicated  factors.  To 
apply  Theorem  l  we  need 


*2 

dK 


al  "  f] 


|S  ,  a  -  f 
dL  2  2 


and 


a^K 


a^K  +  a2L 


a«L 

1-6  -  2 


a^K  +  a2L 


for  use  in 


(3.2) 


where 


Q 


L 


1-6 


1-6 


the  tabulation  given  in  Intrlligator  [26],  p.  187. 
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By  direct  substitution  in  (3.2)  we  then  obtain 

6  .  vl-6 

f  a^K  +  a2L"\  +  a2L 

Q 


-  _  k6  t1-4 


a.K  +  a_L, 


which,  as  wanted,  is  the  same  Q  as  in  (3.1) 


(ii)  Ordinary  Cobb-Douglas  with  output  elasticities  constant,  viz. . 


(3.3) 


(3. A) 


a  0 

Q  -  BK  L 


where  a  +  0  =»  h  gives  the  degree  of  homogeneity 
not  necessarily  1.  Again  we  need  , 


£-s-‘i 


dL  P  L  2 


for  use  in 


A  6  1-6 
Q  »  AK  L 


with 


,  a 
6  *i: 


x.,.1 


and 


*4 


a  2 
K 


e2 

_L_ 
>1-6 


.1-6 
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’.1 


Jj 


Direct  substitution  in  (3.4)  then  produces 


k6l1-6 


or  0 

BK  L  , 


which  is  (3.3).  Q.E.D. 


(iii)  Constant  Elasticity  of  Substitution.  CES.  Production  Function: 


(3.5) 


This  is  usually  written 

r  —  CT-i  -i»/o 

Q  «  B  L«K  +  (l-or)L’  J 

with  the  constants  B>0,  0<Q'<1  and  h  >  0,  Lhe  degree 
of  homogeneity.  The  elasticity  of  substitution,  a  constant, 
is  then  given  by  l/(l+a).— ^  Differentiating  the  above 
expression  partially  for  K  and  L  we  obtain 


|2  =  crhB  ^ckk"CT  +  ( 1-Qf)  L-°j 


-il  -1 


|2  -  (l-a)hB  [ckk"0  +  (l-0f)L‘a] 


-ii  -1 
a 


for  use  in 


(3.6) 


Q  -  AK5L1'6 


— ^The  preceding  two  cases  are  obtainable  from  this  one  by  means  of  specializing 
assumptions  on  this  elasticity.  See,  e.g.,  [2],  See  also  [2*4],  pp.  86-88. 
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where 


-23L 


OK'a  +  (l-a)L“a 


1-6  ■ 


a-«)L 


-a 


<nc“a  +  (l-«)L"a 


and 


A  - 


1 

h 


hB 


[o(K"a  + 


<1-«)L 


-  1»\6  /  r  1  -  -\l-6 

■°]  *  W  hB  U’a  +  (l-a)L-aJ  ° 


Via  direct  substitution  in  (3.6),  the  extended  Cobb-Douglas  format, 


_  h 

Q  -  B  [oK-a  +  (l-a)L~°] ^ 
which  is  the  CES  function  represented  by  (3.3)  . 

Evidently,  we  can  get  these  functions  and  many  more,  in  fact  any  homo¬ 
geneous  function  with  continuous  partial  derivatives,  via  Theorem  1.  We  do 
not  pursue  this  further,  however,  so  that  we  can  begin  making  more  pointed 
interpretations  via  a  aeries  of  specializing  assumptions  in  the  sections  that 
follow. 
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4.0  Efficiency  Frontiers  and  Expansion  Paths 

We  utilize  this  section  to  cover  certain  preliminaries  as  follows.  Let 
r^,  a  positive  constant,  represent  the  price  of  the  1th  factor  of  production 

n 

min  £  r  x 
i-1  1  1 

(4.1)  subject  to  f(x)  >  q° 

x  >0 

where  q°,  also  a  constant,  greater  than  zero,  represents  a  stipulated  alnlmal 
amount  which  is  to  be  produced  via  the  production  function  f(x).  l.e. ,  the 
problem  is  to  minimize  the  cost  of.  producing  at  least  the  stipulated  asMunt , 
q  ,  by  selecting  the  factor  quantities  x^  0,  i-1,...  ,n  under  the  given  price 
structure. 

We  shall  assume  f(x)  is  concave  as  well  as  positively  homogeneous  with 

continuous  partial  derivatives-^  in  the  interior  of  the  set  \«  {x:f(x)  ^  0,  x  >  0] . 

2/ 

W«-  shall  also  assume  the  "Slater  conditions"-  for  x.  we  shall 

assume  that  there  Is  some  x'  -  0  such  that  f(x')  '  0.  Because  of  our  homogeneity 

assumption,  this  means  that  there  is  x"  0  such  that  f(x")  q°. 

Many  of  the  production  functions  employed  in  economic  analysis,  e.g.  , 

Che  ordinary  Cobb-Douglas  or  the  CES  functions , have  partial  derivatives  which 
become  Infinite  at  any  x^  •  0.  They  also  often  have  the  property  that  if  f (♦)>() 

one  must  have  x>0.  Thus,  for  these  cases  (4.1)  reduces  to  the  problem 


”^Cf ,  ,  e.g.,  Henderson  and  Quandt  [24.],  p.  61. 

-Ct.  [12], 


I*r 


(4.2) 


■la  ^  r.x, 
1-1  1  1 


•ubjaee  to  f(x)  >  q  >  0 


la  which  one  la  sura  that  an  optimum  **  >  0  —  l.e.,  tha  optiaua  is  takaa  on  la 


tha  latarlor  of  x*  Tharafora,  tha  Kuhn-Tucker  conditions  on  tha  aslatanca  of  a* 


and  X*  reduces  to  equalities  rather  than  Inequalities.  Thereby,  l.a.,  whenever 


the  optlaua  occurs  at  an  interior  point,  regardless  of  the  condition  which  assures 


it  (e.g.,  f(x)  >  0  lap lies  x  >  0)  one  has 


r  *  X*f* 
i  i 


(4.3) 


X*[  f (x*)  -  q  ]  -  0 


X*  '  0. 


are  necessary  and  sufficient  for  the  optlnallty  of  x*  in  (4.2) 


We  note  further  that  since  r^  >0,  all  1,  that  X*  •  0  and 


(4.4) 


f(**)  -  q* 


Indeed  , 


(4.5) 


n  n  n 

£  r.x  -  i..  r.x*  •  X*~  f*x*  -  X*hf(x*) 
l-l  l-l  1  1  i-l  1 


X*h  q 


where  fj  is  the  partial  derivative  of  f(x)  evaluated  at  x*.  Thus 


r  X* 

1*1  r, 


(4.6) 


hi®  *  f*  ’  *U  l' 


For  the  kinds  of  analyses  we  are  about  to  undertake,  it  is  usually  assumed 
thet  f (x)  Is  concave,  as  well  aa  homogeneous,  and  that  for  some  x'  we  have  f(x')  >  0. 
To  clarify  the  consequences  concerning  the  degree  of  homogeneity  ws  now  prove. 


f 


Theorem  3:  If  (1)  f(x)  Is  positively  hoaxigeneous  (11)  coocsvs 
sod  (ill)  for  sasw  s',  f(s')  >  0,  then  0  <  h  <  l. 

Proof:  First  sots  that  (1)  lap lies  f(0)  •  0.  By  coacsvlty, 

(4.7)  f (Y* '  ♦  (1-Y)0)  >  Yf(*’)  ♦  (l-Y)f(O) 

for  0  <  Y  <  l.  Hence,  f(Yx')  Yf(x').  Now  since  f(x) 

is  homogeneous  of  degree  h  this  becoetes 

(4.8)  Yhf(s')  ^  Yf(x’). 

Since  f(x')  0,  this  gives 

h- 1 

(4.9)  V  _  I 

and  this  is  possible  only  if  h  <  1.  0. E.D. 

Before  proceeding  to  esgiloy  these  results  in  our  subsequent  development 
we  minlit  observe  that  they  can  be  extended  by  relaxing  sonic  of  the  above 
assumptions  such  as,  e.g. ,  concavity.  For  example,  if  f(x)  is  not  concave 
but  f(x)  s  T ( f ( x )  )  1s,  where  T(u)  is  any  homoguneous  strictly  isotone  function 
of  ,  our  results  will  apply  to  l'(x)  and  can  bu  translated  immediately  back 
to  f(x).  We  do  not  pursue  this  here,  however,  because  we  wish  to  Kke  easy 
contact  with  known  empirical  and  theoretical  results  in  economics  and  there¬ 
fore  reserve  this  sure  extended  treatment  for  a  subsequent  paper. 

Hereafter  we  shall  assume  that  our  f(x)  are  positively  tuxsogeneous  and 
concave  and  that  f(x)  >  0  implies  x  >  0.  We  shall  call  a  function  satis¬ 
fying  these  conditions  a  "proper  production  function"  and  proceed  to  use  this 
concept  in  the  development  of  conditions  for  optimal  expansion  or  contraction 
of  production  la  the  following:  First  we  substitute  from  (4.3)  In  Theorem  1 


to  obtain 


Theorem  4:  Let  f(x)  be  any  proper  production  function  wo  then 


have  on  the  expansion  path, 


(4.10) 


f<**) 


A* 


n  (**) 

i-i  1 


A* 

i 


where 


(4.11) 


(4.12) 


and 


6* 

L 


'1*1 


all  1 


with  6*,  A*  and  f(x*)  denoting  respectively  6, 
A  and  f(x)  evaluated  at  x*.  I.e.  ,  f(x*)  is  a 
point  on  the  efficiency  frontier  of  f(x). 


Thin  tlu'onv,  which  in  mrIIv  n roved ,  bv  substitution  from  (4.1) 
in  theorem  1,  offers  additional  inportant  lnterorot.it Iona  to  the  components 
of  f(x)  when  a  firn  produces  optimally.  First  f(x*)  characterises  the 
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minisul  cost  of  production  of  tho  stipulated  output  lovol  q°. Also,  sines  ths 
constants  >  0  ara  tha  saaa  for  aach  fira,  a.g. ,  for  an  aconoay  In  competitive 
equilibrium,  we  also  obtain  a  characterisation  of  tha  production  process  which 
will  later  be  used  to  affect  an  aggregation  in  which  tha  production  functions 

though  proper,  possibly  differ  in  fora  from  one  firm  to  another. 

These  6*  when  Interpreted  as  in  (2. If)  than  denote  a  "cost  Minimising 

distribution"  tor  the  coat  of  each  factor  in  the  production  process,  and  this 
obtains  when  the  fins  is  on  its  efficiency  frontier  --  or  expansion  path  -• 
while  A*  clearly  reflects  the  way  in  which  the  optimal  marginal  productivities 
are  to  be  combined  and  then  replaced  by  their  corresponding  unit  prices. 

We  now  draw  some  easy  consequences  for  subsequent  use  via 


Corollary  4.1;  If  £(x)  is  any  proper  production  function  then 
at  the  efficiency  frontier, 


(A. 13) 


f(**)  - 


where 


n 

E  r  x* 
1-1 
It  A* 


(4. 14) 


k*  m  r  It*  . 
i  l 


Proof  of  Corollary  4.1  follows  directly  from  the  aritlssetic-ge 
inequality  .i^  This  being  fairly  obvious  we  proceed  to 


trie  swan 


—^Alternatively,  f(x*)  may  be  viewed  as  the  suuclsul  level  output  for  a  given 
budget. 

21 

—  Alternatively,  we  cen  obtain  (4.13)  directly  from  the  Kuhn-Tuckar  conditions 
end  guler's  theorem  es  in  (2.1)  ff. 


IS 


Thoorsn  5:  Let  f(x)  be  any  proper  production  function,  as  above,  and 
let  x°,  x*  ba  Input  vectors  employed  to  attain  positive 
outputs  q°  and  q+  at  nlnlssas  total  cost, 


(4.15) 


>o 

Il.ll 


f  6°  6* 
Ji  „  -i 

o  x* 

\  */ 


**  ' 


if  and  only  If  the  choices  x  ,  x*  ere  both  on  the 
fine's  cos  t-adn  lari,  sing  expansion  path. 


Proof;  Via  the  Kuhn-Tucker  conditions  In  (4.3) , 


(4.16) 


r  £°  f* 

_l  „  h  m  ^i 


rk  f! 


o  f* 
k  k 


(4.17) 


(4.18) 


and  so,  also. 


-  uri  - 0  • 

Via  Theorem  1,  this  gives 


't  *  ’  r‘ ' 0 


by  aMans  of  (4.12)  and  suitable  cancellations.  In  the 
same  way  we  also  obtain 


*?  < 

-i  r.  -  ~  r.  -  0 

x*  b  1 


if  x*  la  on  the  cost  arinlsrislng  s sponsion  path."  Q.R,D. 


1  /  o 

“  In  the  custaawry  terminology  of  economics ,  x  and  x*  are  both  on  the  locus 


(4.19) 


famed  from  coeditions  of  taagency  between  Isocosts  and  Isoquants.  See 
letrillgator  [2i] ,  p.  193. 
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This  now  leads  us  naturally  to  consider  the  characterization  in  terns  of 
partial  derivatives  of  production  functions  which  may  be  represented  in 
Ex tended -Cobb  Douglas  form  with  their  6^  constant: 

Theorem  6 :  The  6^  are  constant  (output)  elasticities  for 
all  x  if  and  only  if 


(4.20) 


Proof ; 


_Li_ 

f(x)J 


_t _ 

f  (x) 


s 

mm  • 

fifk 

1  (4.21) 

Xi 

_f ik  "  fOO. 

-  0 


on  |x  :  h  f  (x)  >  0 1/0 

an  P  assuming  the  second  partlals,  viz., 


£  ■  fUti. 

ik  dxjdx^ 


all  exist  for  i,k»l 


Referring  to  (2.9)  In  Theorem  l  we  are  in  the  situation 


where  fi^x)  «  f^Xj/hffx).  We  have  ^(x)  -  constant  if 


and  only  if  its  first  partial  derivatives  vanish  for 
all  x.  Taking  the  derivatives  with  respect  to  x^  we  have 


The  symbol  #  refers  to  the  empty  set. 
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Taking  Che  partial  derivative  with  respect  to  x^ 


(4.24) 


(4.25) 


Vi 


Vic*! 


hf(x)  h[f(x) 


0 


or 


which  proves  the  theorem. 


From  Theorem  5  it  now  follows  that  if  6^  is  constant,  all  i,  then  the 
expansion  path  will  be  linear.  In  fact  we  will  then  have  A(x*)  •  constant  ~ 
cf.  Theorem  4  --  which  is  the  ordinary  Cobb -Doug las  function  and  the  corres¬ 
ponding  f(x*)  in  Theorem  2  is  homogeneous  of  degree  1.  It  follows  that  the 
6*  are  output  elasticities  by  Theorem  2  and ,  we  may  observe ,  V*  then  becomes 
the  "long  run  cost  of  production".  All  of  the  other  usual  conditions 
and  properties  of  these  functions  are  then  also  present.  See  Uenderson  and 
Quandt  [24],  p.  85.-^ 


“^lee  also  Herlowe  [33], 
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5.0  Aggregation 

We  now  want  Co  go  from  preceding  results  for  an  individual  enterprise 
to  an  aggregate  of  firms.  We  want  to  do  this,  however,  not  merely  from  the 
standpoint  of  "pure"  aggregation  theory,  but  in  a  way  that  will  enable  us 
to  obtain  insight  into  results  from  ordinarily  employed  statistical  practices 
in  which,  e.g.  ,  the  data  are  all  given  in  the  form  of  sums  of  pertinent 
inputs  and  outputs.  Therefore,  we  return  to  (4.3)  and  write 


(5.1) 


rt  -  X*  £jj 


where  r^  >0,  i>l . .  is  the  price  of  the  ith  factor,  the  same  for  each  of 

j-l,...,m  firms.  For  each  such  firm  x*^  >  0  implies  the  above  equality  if  the 
star  is  to  indicate  an  optimal  solution  and  so  also  fv^>  0  for  cases  of  interest 
in  economics. 

Here  the  term  "optimal"  refers  to  cost  minimization,  which  means,  as  usual, 
that  the  price  of  an  added  unit  of  factor  must  equal  its  contribution  to  the 
marginal  cost  of  production  for  any  factor  used  in  a  positive  amount,  c.g.  ,  for 
conditions  of  competitive  equilibrium. 

This  assumes,  as  already  noted,  that  r^  is  the  same  for  all  firms  but, 
of  course,  this  need  not  be  true  for  or  f'^J  provided  the  equality  indicated 
in  (5.1)  obtains  for  each  of  the  j-l,...,m  firms.  Although  we  will  here¬ 
after  assume  that  the  firms  all  have  proper  production  functions,  we  will 
also  allow  them  to  vary  from  firm  to  firm.  Thus  we  may  multiply  both  sides 
of  (5.1)  by  x*  and  sum  over  all  i  and  j  to  obtain 


ij 


(5.2) 


m  n 


m  n 

£  £  X*  f*J  x; 


£  2  r.X,  .  —  w  — <  n  i  *  * 

j-1  i-1  j-1  1-1  1  i  i-J 


«  i  *  4. > 


.♦•I  ■c.'fc*.  V  *.t  *  Vi*.*  »  W-«.t 
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or  ‘ 

(5.3) 


n 

E  r. 


m 

E  -* 


i-l  ‘  j-1  ij 


m  n 

E  X*  E  f*J  x* 


j-1  ^  i-l 


ij 


-f)X*  h  £  (x*) 

J«1  J  4  J  J 


TC 

where  fj(Xj)  denotes  the  production  function  of  firm  j  with  degree  of  homogeneity 
hj  <  1  and  input  vector  x*  -  (x*j ,. .. ,x*j) . 

Now  let 


(5.4) 


.  m 
c  -  E  x* 

1  j-1  « 


denote  the  total  amount  of  factor  i  used  by  these  j-l,...,m  firms.  We  can 
then  apply  the  arithmetic-geometric  mean  inequality  to  obtain 


(5.5) 


E  rix*  >  n 

i-l  1 1  i-l  ^  J 


★v  6i 


where  6  >  0,  E  6.  -  1.  We  obtain  equality  when 

i-l 


(5.6) 


6I 


*  rtxi 


Er  x 
i-l 


i.e.,  when  the  cost  minimizing  choices  of  x  are  employed  in  the  6..  See  (2.18)&  (2.21 

*  i 


Letting  &*,  h  denote  the  vectors  {Xp,^}  and  X*  a  matrix 
its  Jth  row,  j-l,...,m  we  then  have 


with  x*  for 


Theorem_7;  Let  fj(x^)  j:l,...,mbe  any  proper  production  function, 

then  at  the  expansion  path  of  the  economy 
n  6* 

(5.8)  F(  X,h,**)  -  A*II  (x  )  1 

i-l  1 
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where 


(5.9) 


F<X*,h,X*)  -  £  X*h.  f.(x*>  - 

j«l  J  J  J  J 


(5.10) 


(5.11) 


61  "  “ - 

i-1  1  1 


1  j  #  •  •  ^rii 


In  these  economy- or  industrywide  models,  we  may  expect  6*  >  0 ,  all  i 

n  l 

that  also,  as  in  Theorem  1,  £  6*  ■  1.  Theorems  5  and  6  also 

i-1  1 


continue  to  apply,  of  course,  which  means  that  the  expansion  path  for  this 


economy  or  industry  is 


(5.12) 


6irk*k  “  6kri^i  " 


and  F(x*,h,\*)  is  of  degree  one  at  every  point  on  this  path.  Furthermore, 


if  Theorem  6  also  applies  —  i.e. ,  6*  is  constant  for  every  i  —  this 


expansion  path  is  linear  and  (  5.8)  reduces  to  the  ordinary  Cobb-Douglas  function. 


Dropping  the  assumption  of  constant  elasticities  we  can  achieve  simplicity 


(for  purposes  of  insight  and  understanding)  in  another  way  by  reverting  once 


more  to  the  two-factor  case  as  in  Section  4.  From  Theorem  7  we  can  characterize 


the  expansion  path  for  an  economy  or  industry  via 


(5.13) 


*(&*>©&»&*>  -  A*K*6*L*1-6* 


where 


L*  -  {Lj|,  K*  -  {K*},  \*  -  (X*l,  h  - 


(5.14) 


m  m 

£  K*,  L*  -  £  L* 


(5.15) 


,  \6*  *  N1 
**  ./  £_)  /-®J\ 

\«V  \i-6 */ 


with 


(5.16) 


pK*  +  t»>L* 


,  1-6* 


u>L* 

pK*  +  «>L* 


where  we  are  using  p  to  represent  the  price  per  unit  "capital",  and  the 


price  per  unit  "labor". 


In  fact,  substitution  of  the  indicated  expressions  for  A*,  6*  and  1-6* 


on  this  expansion  path  produces 


(5.17) 


-  PK*  +  «»L* 


directly  from  (5.13).  This  says  that  total  output  is  equal  to  total  value 


added.  Moreover,  6*  and  1-6*  as  in  (5.16)  equals  the  share  of  each  of  these 


factors  in  value  added. 


The  latter  coincides,  we  might  explicitly  note,  with  A.  A.  Walters'  observation 


that  in  most  (cross-section)  studies  the  coefficients  of  labor  (i.e.  ,  its 


exponents)  in  the  Cobb-Douglas  functions  utilized,  are  "a  close  approximation 


to  the  share  of  labour  in  value  added"-  and  that  "the  sum  of  the  factor 


coefficients  is  at  or  near  unity!'  See  the  table  below.  Unlike  Walters, 


however,  we  do  not  conclude  that  this  is  the  result  of  "an  accounting  convention 

2/ 

that  all  income  must  be  allocated  to  one  factor  or  another."-  We  conclude 


rather  that'  this  suggests  (in  study  after  study)  that  the  firms  are  on  or 


close  to  an  optimal  expansion  path.  The  term  "optimal",  as  throughout  this 


paper,  continues  to  refer  to  cost  minimization.  Hence,  we  do  not  draw  any 
inference  as  to  the  presence  or  absence  of  perfect  competition  or  the  presence 
of  exploitation,  etc.— ^since  such  cost  minimization  is  compatible  with  fixed 


see  [39],  pp.  329-330.  See  also  p.  37  in  [61]. 


— ^See  also  Levy  and  Simon  [3fr], 

—f See  Bronfenbrenner  [5  ]  and  [  4]  and  Reder  [34  ] . 
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Intbr-Industry  Production  Functions” 

CROSS  SUCTION  ESTIMATES 


Refer- Year 

Country 

Labour  Capital  Sum 

ence 

*1 

0* 

1889 

U.S.A. 

.51 

.43 

.94 

1899 

.02 

.33 

.95 

1904 

.65 

.31 

.96 

Douglas  ( 1948) 

1909 

.03 

.34 

.97  / 

1914 

.01 

.37 

.98 

1919 

.70 

.25 

1.01  ; 

1912 

Australia 

.52 

.47 

.99  1 

1922-3 

.53 

.49 

1.02 

1920-7 

1934-5 

.59 

.04 

.34 

.30 

.93  ' 
1.00 

/Gunn  and  Douglas  (1941) 

1930-7 

.49 

.49 

.98  , 

1 

1910-11 

Victoria 

.74 

.25 

.99  v 

1923-4 

.62 

.31 

.92  1 

1927-8 

.59 

.  .27 

.86  I 

Gunn  and  Douglas  (1940) 

1933-4 

N.  S.  Wales 

.65 

.34 

.99  J 

1937-8 

S.  Africa  1 . 

2. 

.06 

.05 

.32 

.37 

.98  1 

1.02  j 

|  Browne  (1943) 

1923 

Canada 

.48 

.48 

.96  1 

1 927 

.10 

.52 

.98 

1935 

.50 

.52 

1.02 

Daly  and  Douglas  ( 1 943) 

1937 

.43 

.58 

1.01  - 

1938-9 

N.  Zealand 

.*Ui 

.51 

.97 

Williams  (1945) 

1924 

1930 

U.K.  (industry) 

.72 

.75 

.18 

.13 

.90 

.88 

|  Lomax  (1950) 

1940 

India 

.06 

.31 

.97 

Tcwari  ( 1 954) 

1947 

.57 

.50 

1.07 

Dutt  ( 1 955) 

1951 

.59 

.40 

.99 

Murti  and  Sastry  ( 1 957) 

1909 

U.S.A.  (industry) 

.74 

.32 

1.00 

Marschak  and  Andrews 

% 

(1944) 

—^Source:  A.  A.  Walters  £41].  We  are  indebted  to 
A.  A.  Walters  and  to  Econometrics ,  the  Journal  of 
the  Econometric  Society,  for  permission  to  reproduce 
this  table. 


prices  and  production  quotas,  e.g.,  such  as  might  be  imposed  by  a  central 
authority. 

We  have  also  le£t  unattended  the  issues  revolving  around  a  choice  of 
production  functions—^  by  the  underlying  firms  and  plants .  Although  the 
notation  in  (2.8  )  and  (2.9)  ff.  properly  suggest  that  A(x)  and  the  6i(x) 
are  all  to  be  estimated, with  x,.and  Q  serving  as  the  relevant  input  and 
output  data,  we  do  not  want  to  enter  into  questions  of  statistical  estimation 
and  identification  in  this  paper.  .  On  the  other  hand,  we  may  make  at  least  one 
suggestion  which  flows  naturally  and  easily  from  the  above  analysis  by  observing 

A 

that  a  choice  of  6*  for  any  i  must  produce 
(5-.  18)  T(6*)  >  F(6) 

! 

where  F  is  defined  as  in  (5.13),  since,  by  Theorem  land  its  corollaries, 

A 

equality  holds  for  each  firm  if  and  only  if  6^  -  6*  all  i  and  this  is 

2/ 

evidently  reflected  in  Theorem  4  as  well.— 

In  view  of  the  importance  of  these  6^  choices  we  may  single  them  out 
in  a  way  that  also  makes  contact  with  other  important  recent  conceptual 
and  methodological  developments  by  Introducing 

A 

n  a  6  n  a  6 . 

(5.19)  A  »  -  £  6  log  n-  ■  D  6.  log  tt 

i-1  1  6t  i-1  1  6i 

a 

In  modern  statistical  information  theory,  this  is  called  the  "information 
discrimination  function".  Cf.,  e.g.,  Kullback  [30].  Here  it  might  better  be 
called  the  "efficiency  discrimination  function"  because,  via  the  indicated  inequality, 

A 

4*0,  if  and  only  if  ■  ft*  >  0  for  every  i. 


I.e.,  we  do  not  inquire  as  to  whether  the  functions  themselves  also  result 
from  optimal  choices. 

y 


Cf.  also  Klein  (28]  for  e  comparable  discussion  of  the  conditions  for 
aggregation  of  Cobb -Doug las  functions. 


6.0  Conclusion 


We  now  return  to  the  issue  of  the  genersllty  of  our  Extended  Cobb-Douglas 
function,  which  hss ,  we  think,  been  exhibited  in  e  variety  of  ways.  Thus ,  for 
instance,  we  showed  how  other  functions,  often  used  in  econaad.cs,  can  be 
represented  in  this  fora.  Nevertheless,  our  representation  theorem  —  i.e. , 
Theorem  1  --  is  essentially  that  of  a  Cobb-Douglas  form.  Indeed,  the  relation- 
ship  of  the  ordinary  Cobb-Douglas  form  to  our  general  representation  may  be 
likened  to  developments  in  other  disciplines,  too,  where  practitioners  are 
confronted  with  "actual"  applications.  A  case  in  point  is  the  use  of  "linear 
lumped  constant"  circuit  representation  in  electrical  engineering  and  control 
theory.  An  analyst  will  ordinarily  use  this  approach  to  a  valid  approximation 
with  essential  simplifications  to  obtain  the  major  properties  of  a  complex 
system.  Analogously  our  representation  permit*  us  to  go  directly  to  a  suitable 
(ordinary)  Cobb-Douglas  function  by  specifying  the  6^  and  A  as  constants. 
Similarly  the  "lumping"  of  actual  elements  occurs  through  aggregation  (e.g. , 
across  firms)  and  classification  (across  factors  or  products). 

In  fact  we  have  now  exhibited  the  Extended  Cobb-Douglas  Function  as 
canonical  for  production  theory.  Concomitantly  we  have  provided  analytical 
developments  and  interpretations  which  relate  this  canonical  format  to  standard 
economic  constructs.  Finally,  we  have  also  shown  how  to  interpret  a  wide 
range  of  empirical  results  in  ways  which  are  consistent  with  these  constructs. 

In  this  paper  we  have  restricted  our  attention  to  the  siaqtlest  and  most 
basic  case  of  static  production  with  a  single  output  to  be  produced  with  a  single 
function^  --  one  to  a  firm  or  plant  --  from  factors  which  are  acquired  at 
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Cf.  [10]  for  possibilities  which  include  varying  functional  fonss  over  time. 


fixad  priest  par  unit.  The  rapraeaa cation  in  Theorem  1  it  evidently  nor a 
ganaral  chan  Chit,  however,  and  adaict  of  numerous  other  extensions  and 
applicaeiont.  In  prapa ration  therefore  «e  have  taken  sosm  peint  to  aake 
contact  with  other  new  and  important  disciplines  such  as  geometric  programming 
and  its  related  theory.  This  sets  the  stage  for  other  developments  as  well. 

IC  seems  bast,  however,  Co  reserve  these  other  developsMtntt  for  treatment 
in  their  own  right  in  separate  papers. 


Bibliography 


[1]  Allan,  R.  D.  C.,  H»£hjmatjxal  Analylt  for  fefflgUSft  (Voodoo:  Allan  A. 

Unwin ,  Inc . ,  193B ,  Rowland ,  I960) . 

[2]  Arrow,  K.  J. ,  H.  1.  Chanary,  B.  8.  Mlnhaa  and  R.  M.  Solow,  "Capital -Labor 

Substitution  and  Economic  Rf ficiancy ,"  Tha  Raw jaw  of  Economics  and 
Statistics .  August  1961,  pp.  225-250. 

r  3]  Bronfanbranner ,  M.  ,  "A  Dafansa  of  Neo-Classical  Macro-Distribution  Theory," 
niimeo,  paper  presented  to  tha  1967  Annual  Meeting  of  the  Southern 
Economic  Association  (Pittsburgh:  Carnegie-Mellon  University,  Graduate 
School  of  Industrial  Adaiinlstratlon ,  1967). 

[4]  _ _ ,  "A  Defense  of  Neo-Classical  Macro-Distribution 

Theory,"  atisieo,  paper  presented  to  the  1967  Annual  Meeting  of  the 
Southern  Economic  Association  (Pittsburgh:  Carnegie-Mellon  University, 
Graduate  School  of  Industrial  Administration,  1967). 

[5]  .  Income  Distribution  Theory  (Chicago:  Aldine- 

Atherton,  Inc.,  1971). 

[t,]  _ ,  "Production  Functions:  Cobb-Douglaa  ,  Interfirm, 

Intrafirm,"  Econometrics  12,  1944,  pp.  35-43. 

[7]  Charnes,  A.  and  w.  W.  Cooper,  "An  Extremal  Principle  for  Accounting 

Balance  of  a  Resource  Value-Transfer  Econaay,"  Rendlconti  di  Academia 
Nazionale  del  Llncei .  Classe  di  Science  flslche,  matcmatlche  e  natural!, 
Serie  VIII,  Vol.  LVI,  fasc.  4,  April  1974,  pp.  556-561. 

[8]  _  and  .  "Constrained  Kullback-Lciblcr  Estimation; 

Generalized  Cobb-Douglas  Balance,  and  Unconstrained  Convex  Programming," 
Loc.  Clt.  (forthcoming). 

[9j  _  and  _ ,  Management  Models  and  Industrial  Applications 

of  Linear  Programming  (New  York:  John  Wiley  &  Sons,  Inc.  ,  1961). 

[10]  _  and  .  "Silhouette  Functions  of  Short-Run  Cost 

Behavior,"  Quarterly  Journal  of  Economics  LXVIII.  February  1954. 

[11]  _  _____  .  and  K.  0.  Kortanek ,  "Semi-Infinite 

Programing,  Differentiability  and  Geometric  Programing,  part  I: 

With  Example  Applications  in  Economics  and  Management  Science," 

R.  S.  Varma  Memorial  Volume.  Journal  of  Mathematical  Sciences  6. 

1971,  pp.  19-40. 

[12]  __________  and  .  "Semi-Infinite  Programing,  Differentiability 

and  Geometric  Programming,  Part  II,"  Apllkace  Matematickv.  Praha, 

C c echos lovak la,  14,  No.  1,  1969,  pp.  15-22. 


[13]  Chernes ,  A.,  W.  W.  Cooper  and  A.  P.  Schianar,  "A  CeoiMtrlc  Progrsmnlug 

Approach  aad  a  Poeynoaial  Fonat  for  Prodoctloo  Pune t ion  Gaaarallsatloas  ," 
(to  proeees). 

[14]  Cobb,  C.  V.  and  p.  H.  Douglas,  "A  Theory  of  Produce  ion American 

laagi£  iwlw.  Auonl.  mix,  March  192a,  pp.  139-165. 

[15]  Dancslg,  C.  ». ,  ESttlflgjM  SB*  Extensions  (Princeton: 

Princeton  University  Press ,  1973). 

[19]  Danny,  M.  G.  ,  "The  Relationship  Between  Functional  Poms  for  the  Production 

System,"  Canadian  Journal  of  Economics ,  VII,  No.  7,  February  1974,  pp.  21-31. 
Also  to  appear  In  Puss,  M. ,  and  D.  L.  McFadden,  ed. ,  An  Econometric  Approach 
to  Production  Theory  (Amsterdam:  North  Holland  Publishing  Co.,  1976). 

[17]  Duff  In ,  R.  J.,  E.  L.  Peterson  and  C.  M.  Zener,  Geometric  PrMMBjM 

(New  York:  John  Wiley  4  Sons,  Inc.  ,  1997). 

[18]  Durand,  D.,  "Sows  Thoughts  on  Marginal  Productivity,  with  Special  Reference  to 
Professor  Douglas'  Analysis,"  The  Journal  of  Political  Econony,  XLV,  No.  6, 
Dec.,  1937,  pp.  740-758. 

[19]  Douglas,  P.  II.,  "Are  There  Laws  of  Production,"  The  American  Economic 

Review  XXXVIII .  No.  1,  Kerch  1948,  pp.  1-39.  * 

[20]  Frisch,  R.  ,  Theory  of  Production  (Dordrecht,  Holland,  Re id el ,  1965). 

[21 ]  Goldberg,  M.  ,  "Intrametropolitan  Industrial  Location:  Plant  Size  and  the 

Theory  of  Production,"  Technical  Report  No.  2,  University  of  California 
at  Berkeley  (Berkeley:  The  Center  for  Real  Estate  and  Urban  Economics 
1969). 

[  22l  Goldberger,  A.  S.,  "The  Interpretation  and  Estimation  of  Cobb-Douglas 
Functions,"  Econometrica  35,  No.  4,  July-October ,  I960,  pp.  464-472. 

[.23]  Hardy,  G.  H. ,  J.  E.  Littlewood  and  G.  Polya,  Inequalities .  (England: 

Cambridge  University  Press,  1959). 

[i4 ]  Henderson,  J.  M.  and  R.  Quandt,  Microeconomic  Theory:  A  Mathematical 
Approach .  2nd  ed.,  (New  York:  McGraw  Hill,  Inc.,  1971). 

[25]  Houthakker,  H.  S. ,  "The  Pareto  Distribution  and  the  Cobb-Douglas  Function," 

Review  of  Economic  Studies  23,  pp.  27-31. 

[26]  Intrlilgator,  M.  D. ,  Mathematical  Optimization  and  Economic  Theory. 

(Englewood  Cliffs,  N.  J.:  Prentice-Hall,  Inc.,  1971). 

[27]  Johnston,  J.,  Statistical  Cost  Analysis  (New  York:  McGraw-Hill  Book 

Co.,  Inc.,  1960). 

[29]  Klein,  R.  L. ,  "Mscroeconomlce  end  the  Theory  of  Rational  Behavior," 
Econometrica .  Voi.  14,  No.  2,  April  1946,  pp.  93-108. 


[2*]  Kahn,  H.  W.  and  A.  W.  Tucker,  "Nonlinear  Programing  ,"  In  j.  Naymn, 

•d. ,  Proceeding  0f  the  Second  Berkeley  Symposium  on  fiaflimatieal 
Statistics  and  Probability  (Berkeley:  University  of  California 
Prase,  1951). 

[30]  KuJ^JckJ9J-)*  Iftfowtloa  Theory  aad  Statist^  (1tm,  York:  John  Wiley  4 

[31]  Levy,  F.  X.  and  H.  A.  Siaoa,  "A  Note  on  the  Cobb-Douglaa  Function  " 

Review  of  Economic  Studies  XXX,  June  1963,  pp.  93-94. 


[-31]  Marschak,  J.  and  W.  H.  Andrews,  Jr.,  "Random  Simultaneous  Equations  and 
the  Theory  of  Production,"  Econosmtrlca  12.  1944,  pp.  143-205. 

[33]  Ner love ,  M. ,  Estimation  and  Identification  of  Cobb-PouRlas  Production 
Functions  (Chicago:  Rand  McNally  6  Co.,  1965). 

pA  ]  Reder,  M.  W. ,  "An  Alternative  Interpretation  of  the  Cobb-Douglaa  Function," 
gconosuitrica  11.  July -October  1943,  pp.  259-264. 

[35]  Smith,  V.  L. ,  "Production,"  International  Encyclopedia  of  the  Social 
Sciences  .  The  Macmillan  Co. ,  and  the  Free  Press,  1968,  Vol.  12, 
pp.  511-519. 

r 36]  Steindl ,  J.,  Random  Processes  and  the  Growth  of  Firms  (New  York:  Hefner, 
Inc. ,  1965) . 

[  37]  Theil ,  H.  ,  Economics  and  Information  Theory  (Amsterdam:  North  Holland 
Press,  1967). 

[ )8]  Tintner,  G.,  E.  Deutsch  and  R.  Rieder,  "A  Production  Function  for  Austria 
Emphasizing  Energy ," (Vienna:  Institute  fur  Okonometrie,  Technlsche 
Hochschule)  First  draft,  undated. 

[39]  Walters,  A.  A.,  An  Introduction  to  Econometrics  (New  York:  W.  W.  Norton, 
1970). 

[.40]  _ ,  "Cost  and  Production  Analyses,"  International  Encyclopedia 

of  the  Social  Sciences.  The  Macmillan  Co.  and  the  Free  Press,  1968, 

Vol.  12,  pp.  519-523. 

[•41]  _ ,  "Production  and  Cost  Functions:  An  Econometric  Survey," 

Econometrlca  31,  1963,  pp.  1-63. 

[42]  Wicksell,  K. ,  Ubar  Wert.  Kaoltal  und  Rente  (Jena:  Fischer  Varlag,  1893). 


HCMin  a 


caaagEUJ 

.•  <1  HZ 


4.  htuimmmn 

All  OTODKO  00»§-00UGLAS  FOAM  FOR  USE 
III  PEOOUCTIOH  ECONOMICS 


A.  Charnes 
W. W.  Cooper 

A.P.  Schinnar,  University  of  Pennsylvania 


I  m:  i  ‘/v'TT  i  r :  lth  Qil’ 


The  Center  for  Cybernetic  Studies 
Austin,  Texas  78712 


i  rvee  e#  i 


Technical 


N00014-82-K-0295 


km*  evstts  ki 


Office  of  Naval  Research  (Code  434} 
Washington,  D.C. 


SAT* 

Dec ea bar  1986 


This  document  has  been  approved  for  public  releaae 
is  uni lei  ted. 


and  sale;  its  distribution 


**.  euTievTiee  wa 


Production  functions,  Aggregation,  Homogeneous  functions.  Info 
statistic 


f '  ”  ’» i  r*  i  i 


-j — r* — it  • 


The  Cobb- Douglas  function  is  widely  used  in  production  econoelcs  in  the 
following  fora:  A-Al*Kp,  where  a  and  •  along  with  A  are  positive  constants  that 
relate  the  inputs  L( -Labor)  and  K  (-Capital)  to  the  aaount  of  output  Q.  A 
variety  of  supposed  alternatives  and  generalisations  have  been  suggested  in 
place  of  the  Cobb-Douglas  fora  for  use  in  production  econoelcs.  These 
alternatives  and  generalisations  ere  here  shown  to  be  representable  In  an 
extended  Cobb-Douglas  fora  in  which  A,  a  and  •  are  functions  of  L  end  K 
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20.  Abstract  (coot inusd) 

rathsr  than  constants.  This  axtsnslon  is  than  formally  ralatad  to  othar 
tanaral  foras,  such  as  tha  ainlaua  discrimination  information  statistic, 
aad  usad  to  axplain  tha  succassful  usas  of  tha  Cobb- Douglas  function  for 
anpirlcal  applications  in  aany  diffarant  countrlas  and  contaxts. 
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